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1 Introduction 

Before 1994, the reasons to discard N=2 Super Yang-Mills (SYM) theory 
prevailed over those for studying it. This is testified by the weak occurrence 
in the literature before then, of theories with extended supersymmetries. 

Concerning phenomenology, the presence of the so called "mirror particles" 
eliminates every possible physical interest: fermions of opposite chirality, but 
in the same representation of the gauge group, unavoidably appear in the 
theory, which hence is not chiral, and consequently not realistic, if one wants 
to include the particles of the Standard Model pQ. 

From the Quantum Field Theory (QFT) point of view, on the other hand, 
theories with extended supersymmetry represent a real challenge, as ex- 
plained in [2]. 

In fact, while for N=l SYM the superspace formalism based on unconstrained 
superfields allowed to perform the algebraic quantum extension of the theory 
[3], the superfield approach to theories with extended supersymmetry is trou- 
blesome for several reasons. N=2 supersymmetry can be realized by means 
of of N=l superfields, but the necessary additional symmetry involving N=l 
superfields in non-polynomial. On the other hand, the harmonic superspace 
approach [I] is possible, but a regularization scheme preserving both super- 
symmetry and gauge invariance, to all orders of perturbation theory, is still 
lacking. Despite this, the most celebrated results concerning the good renor- 
malization properties of theories with extended supersymmetry, in particular 
the vanishing of the /3-function above one loop, have been obtained in a su- 
perspace (N=l and/or N=2) framework El [Tj . A review of these results, 
of the ways employed to get them and also of as the weaknesses of each of 
them, can be found in Chapter 18 of [ 1 J3- 

The situation doesn't sound much better in components. The drawback 
of adopting the WZ gauge, is that the supersymmetry transformations are 
nonlinear, and the supersymmetry algebra does not close on translations, but 
two kinds of obstructions occur: field dependent gauge transformations and 
field equations of motion. This fact has two consequences: the difficulty of 
defining a gauge fixing term, which is invariant under both supersymmetry 
and BRS symmetry, and the need of an infinite number of external sources, 
with increasing negative mass dimensions, in order to control the algebra [2]. 

After the appearance of the celebrated Seiberg-Witten papers [9] on the 
electric-magnetic duality in N=2 SYM theory, which relates the weak and 
strong coupling regimes of that theory, the N=2 susy theories faced a kind of 
second youth, becoming extremely popular, and were massively reconsidered 
by the community. 

1 At pag 194 of PP, it is pointed out: "Here we have stressed these weaknesses not 
because of a mistrust in the arguments for finiteness, but to show that they are not proofs 
in a mathematical sense and that there is still room for further work" . 
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Most of the problems described in [2] were solved, and the renormalizability 
of N=2 coupled to matter, by means of a non-anomalous Slavnov- Taylor 
identity, was rigorously established [TOj [11] , using a technique which has been 
successfully repeated since, and which we are adopting also in this paper for 
the classical definition of the theory (see Section 5). 

More recently, the method of "shadow fields" has been introduced, which 
allowed to write a system of Slavnov- Taylor identities by means of which 
supersymmetric gauge field theories can be renormalized in a regularization 
independent way, permitting also to study the observables which are not 
scalar under supersymmetric transformations [T2] . 

Other important goals have been reached exploiting the twist [I2J E]. In- 
deed, it was a known fact that N=2 SYM is related to topological field 
theories, in particular Topological Yang-Mills (TYM) theory, by means of a 
twist, which ultimately reduces to a linear redefinition of the quantum fields, 
to which the path integral defining the generating functionals is insensitive 
(we shall be more precise in Section 3). Consequently, the twisted- related 
theories are completely equivalent. 

The bad news driven by this, is that the results concerning N=2,4 SYM 
theories can hardly be extended to the more realistic N=l SYM theories, 
which are definitely not topological QFTs, having local degrees of freedom. 

This drawback is partially compensated by the fact that some important facts 
concerning N=2 SYM can be proved through their equivalent twisted version: 
TYM. This has been the case, for instance, for the theorem concerning the 
N=2 SYM ^-function, whose finiteness above one loop has been algebraically 
demonstrated in [J5] exploiting the existence of the twist. 

Later, it has also been algebraically proved by means of the shadow tech- 
nique that, chosen the matter hypermultiplet in order to have a vanishing 
/3- function at one loop, it vanishes at all orders of perturbation theory [16J. 

Moreover, a central role is played by the operator Tr 2 , which, in the Seiberg- 
Witten supersymmetric theory, is the gauge invariant quantity parametrizing 
the space of vacua of the theory, and, in the twisted topological theory, is the 
finite operator [17] by means of which the pure gauge theory can be defined 

So far the state of the art on which this paper stands. The program is not 
yet completely carried out: the non-renormalization theorems concerning the 
/3-function are algebraically proved for the N=2 SYM, in absence of matter. 
We recall that matter is coupled to the pure gauge theory by means of the 
hypermultiplet [TJ, in a generic representation of the gauge group. As a 
consequence of the second supersymmetry, the theory, even in presence of 
matter, has only one coupling constant. It is natural to ask which is the 
fate of the non-renormalization theorem concerning the unique /3-function in 
presence of matter. Related to this, it is interesting to know if, as in the pure 
gauge case, the whole theory can be written in terms of a single operator, 
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which is finite to all orders of perturbation theory, and, if the answer is 
positive, which this operator is. Finally, the inclusion of matter allows also 
for taking into account N=4 SYM, which can be reached from N=2 in the 
particular case of matter in the adjoint, rather than generic, representation 
of the gauge group. 

The aim of this paper, is to contribute to answer these questions. The pre- 
liminary and necessary step is to give the complete twisted version of N=2 
SYM coupled to matter, and to achieve the whole set up for its quantum 
extension (gauge fixing, BRS symmetry, Slavnov- Taylor identity, algebraic 
structure, etc.) [19]. 

The paper is organized as follows. In Section 2 we recall the basics of N=2 
SYM theories, with and without matter. In Section 3 we introduce the twist 
for the pure gauge case. The main results of this paper are contained in 
Sections 4 and 5, where the twisted version of the whole theory, including 
matter, is given, as well as the basis for the quantum implementation, which 
relies on the extended Slavnov- Taylor identity and on the off shell closed 
algebra. Conclusions and perspectives are summarized in Section 6. 



2 The untwisted theory: N=2 SYM coupled to matter 

2.1 Pure N=2 SYM 

The N=2 susy algebra reads 

= (Q ia ,Q^} = o, (2.1) 

where (Q l a , Qj&} are the supersymmetry charges, indexed by i = 1,2 and 
Weyl spinor indices a, a — 1, 2. The total number of supercharges is therefore 
eight. 

The pure N=2 SYM theory is based on the Yang-Mills (YM) multiplet PQ, 
which belongs to the adjoint representation of the gauge group, and whose 
field components are (A^, X ta , 0, 4>), where A^x) is the gauge field, 
X ta (x), \ia(x) are two pairs of Weyl spinors, and <p(x), (f>(x) are two scalars. 

The corresponding pure N=2 SYM action reads 

Sym = ^Tr j &\(^F, v F^-AX a a^D,X-\4>D^<P 

-^{T & ,X i& } + 4>{X ia ,X ia }-^[4>^] [0,0]) , (2.2) 

where the Trace Tr is done over the adjoint representation group. 
The global symmetry group of the theory is 

H = SU(2) L x SU(2) R x SU(2)j x U(l) , (2.3) 
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where SU(2) L x SU(2) R represents the Lorentz group, SU(2)i x U{1) is 
the internal symmetry group, SU(2)j referring to the supersymmetry index 
i = 1,2 and £7(1) being the rigid "/^.-symmetry. 

Correspondingly, the fields belonging to the N=2 YM multiplet are assigned 
the following iJ-group quantum numbers: 

o 



W2 







2' 2) 
<P ■ (0,0, 0) +2 
: (0,0, 0)- 2 



+1 



(2.4) 



where we adopted the notation 



(SU(2) L ,SU(2) R ,SU(2) I ^ 1) 



)!)■■ (2.5) 
For what concerns the supersymmetry generators, the quantum numbers are: 



1 



+1 



1 1 



-1 



Q*a=^~0,~J ; Q iA =[0,-,-j . (2.6) 
The supersymmetry transformations of the pure N=2 SYM fields are: 

84> = -AV2C j \ ja (2.7) 
8 



— 1 V^2 — 



1 



1 3 l \ /not 1 - / 



/if 5 



where the operator 5 collects the supercharges Qi a and through 



5 = £, aj Qja + £, a ~ 1 Qja- Notice that in the Wess-Zumino gauge the supersym- 
metry transformations (12.71) are nonlinear. 

The action (12.21) is susy invariant : 

5S Y m = . (2.8) 



2.2 N=2 SYM coupled to matter 

To couple pure N=2 SYM to matter, we need the matter hypermultiplet 



, qi, i/j q} ijj q} 4>q, ijjg) pQ , formed by two pairs of scalar fields qi(x) and % 



x 
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two Weyl fermions ip q (x) and ipq(x) and their complex conjugates, all in a 
generic complex representation of the gauge group. The matter if -quantum 
numbers (12.51) are: 



Qi : 


: (0,0,1)° 


ft : 


: (0,0, i)° 




: (1,0,0) +1 


W& ■ 


: (0,1 0)- 1 


(*Pq)a : 


: (1,0,0) +1 




: (0,1, 0)" 1 



(2.9) 



The complete N=2 SYM action is: 

S = SyM + Smatter , (2-10) 

where Sym is given by (I2.2p . and 

Smatter = ^Tr m J d^x^D^q, + 2f\ i& ($ q f - 2q%^ q f 

- (^M^DMa + - 2(^-)>(^) (i 

+ ^? {</>,*} Qi - -^fai? Qj) • (2.11) 

In the previous expression, Tr m is the Trace over the matter representation 
of the gauge group. 

The (nonlinear) supersymmetry transformations of the matter fields are: 



5 Ql = V2e^{i, q ) a + V2e ]t f\i, q ) 
5q t = v^e ii e aj '(^) Q + V2£ ji f i ft) 



qjot 
qjot 



K^ q )i = --^r>ia7^?i-^r^ (2-12) 

1 



and the matter action (12. lip is susy invariant: 

"^matter , 

so that, finally, one has 

5S = 8{SyM + Smatter) = . 



(2.13) 
(2.14) 



3 Introducing the twist: the pure N=2 SYM theory 



As we said, the global symmetry group for N=2 SYM in four dimensions is 
given by H (I2.3p . and the total number of generators, including supersym- 
metry, are: 





SU{2) L x SU(2) R 


Susy 


SU{2) I 


U(l) 


generators 


P M (4) , M^(6) 


Q iQ (4) , Q lA (4) 


Tp) 


11(1) 



The nonvanishing algebraic relations are 

[M pu , M pa \ = -i(r] pp M ua - r] pa M up - r] up M pa + r] pa M pp ) 



[M pu ,P p 

{QaM} 



-MM 



Tl , Qk. 



ka 



2ct^ ■ P 8 ij 

1 1 



(3.1) 



[K,Q 

ia 



2 

Qia j 



and their hermitian conjugates. Remember that the SU(2)j generators are 
traceless: T- = 0, hence only three of them are independent. 

It is now convenient to rearrange the Lorentz and translations generators 



M pv and P p as follows: 



■ p 



KUP„, (3.2) 



2 \- /ixfj—iMi* i ap 2 

exploiting the isomorphism p between the Minkowski space M 4 and the space 
if (2, C) of 2 x 2 hermitian matrices: 



p : M 4 -> H , p(x ll ) = x p <j^ 



P 



H -»■ M 4 , p _i (/i) = -Tr [ha") 



(3.3) 
(3.4) 



The twisting procedure, introduced by Witten in [121 E], simply consists into 
a redefinition of the internal group indices i as lefthanded spinorial indices a: 



■ twist /o r \ 

i — > a . (3.5) 

This is possible thanks to the fact that both the spinorial indices {a, a} and 
the susy index i run from 1 to 2. The Lorentz group generators J a p are 
correspondingly redefined through a linear combination J' a/3 with the SU(2)j 
internal group generators, which, after the twist, are written as 

J'afi := Jap + kT aj3 , (3.6) 

where k is a constant to be fixed by requiring that [J', J'] = [J, J]. Since 
both J and T are symmetric in (a, /3), the same holds also for J'. Notice that 
lefthandedness is a possibility, the twist defined through the identification of 
i and a being equally legitimate. 

If SU(2)l is the group associated to the generators J a /3, the redefinition (13. 6ft 
corresponds to twisting the Lorentz group SU{2)l x SU{2)r into SU(2)' L x 
SU{2) R , where SU(2)' L is the diagonal sum of SU(2) L and S77(2)j. 

The new, twisted, global symmetry group H' is 

H ^ H' = SU(2)' L x SU(2) R x U(l) . (3.7) 

The supersymmetry charges become: 

Qia ^ Qp a and Q i6l ^ Q p& . (3.8) 

The twisted supercharges under H' transform as Qp a = (0,0) +1 © (1,0) +1 
and = (|, |) _1 , or, more explicitly, the four supercharges Qp a under 
the twist can be rearranged into a scalar Sw and an anti-self dual tensor 8^, 
while the other four become a vector operator 5^. 



^ ^ := -TzQp&faft)? > ( 3 - 9 ) 



and is selfdual 



V = V = -£„ ff * pff • (3.10) 



The subalgebra formed by the eight twisted supercharges 8w, 8^ 8^ and the 
1Z symmetry, reads: 

{5w,$w} = 25 w = 



8 



{&M = o 

[TZ, 8 W ] = +$w 



+5 



where gr^ = diag(+, +, +, +) is the euclidean flat space metric. 
A few remarks are in order: 



(3.11J 



1. The operator 8w, which coincides with the "fermionic symmetry" in- 
troduced by Witten in [13j 03] > is nilpotent 



. 



(3.12) 



In the Wess Zumino gauge its realization is nonlinear, as we shall see, 
and Sw will turn out to be nilpotent modulo (field- dependent) gauge 
transformations and field equations, as usual in supersymmetry alge- 
bras. 

The operators 8\y and 8^ form a subalgebra which closes on transla- 
tions. This is a common, and somehow defining, feature of topological 
models [20], and remarkably suggests that the twist has deeply to do 
with topological quantum field theories and their algebraic structure. 
In fact the common feature of all topological field theories, is the exis- 
tence of three operators 8, 8^, <9 M satisfying the following algebra [19] 







{8, <y = 



(3.13) 



In other words, it is not surprising at all that, twisting N=2 SYM, a 
topological quantum field theory is recovered. 

The twist does not change the mass dimensions of the supersymmetry 
charges, which is |. The 7£-charge is +1 for 8w and 8^, and —1 for 
the vector symmetry 8^. 

The following table summarizes the effect of the twist on the global 
group, its generators and on the supersymmetry charges: 





UNTWISTED 




TWISTED 


group 


SU(2) L 


SU(2) R 


SU(2)j 






SU(2)' L 


SU(2) R 


generators 




^(3) 


r y (3) 






^(3) 


^(3) 


Qia 


1/2 





1/2 




8w 












8^u 


1 





Qia 





1/2 


1/2 




8, 


1/2 


1/2 



9 



3.1 Twisted fields 



The fields belonging to the YM multiplet concerned by the twist are the 
fermionic fields X ta (x) and A i(i (x), i.e. those carrying the internal supersym- 
metry index i, which, like the supercharges Qi a and Q i6l , are twisted as 
follows 

A^A^O^r 1 -> vM-'^xAhOr 1 (3.14) 

ka^ V(0,i -> (3.15) 

The field X(x) is twisted into a scalar field r](x) and an antiselfdual antisym- 
metric tensor Xnu( x ), while A(x) yields a vector field ip^,{x): 

A/3„ -»■ ?7 := £ q/3 A [/3q ] © Xiw '■= ^(°"^) q/3 A (/3q ) 

V* -»■ ^ := A^ifoOjj , (3.16) 

with 

X/i^ fiupaX^ ■ (3-17) 

The bi-spinor A^x) is thus decomposed into its symmetric and antisym- 
metric part: X Pa = \{X [Pa] + X {(3a) ). 

Summarizing, the effect of the twist on the fields of the YM multiplet is 

(Ai> ^ & ~$) ^ (A*> Vv»> X>> ^ 0> > (3-18) 

which, not by chance, coincides with the field content of the Donaldson- 
Witten topological QFT [[3J [21]. 



3.2 Twisted action 

The twisting procedure changes the action (12. 2p accordingly. It is important 
to stress that the twist, as far as quantum fields are concerned, is simply a 
linear rearrangement, which does not modify the path integral defining the 
functional generators. The partition function is not affected by the twist, 
hence the two theories, the untwisted and the twisted one, are completely 
equivalent. This means, in particular, that the physical observables should be 
the same in the two theories, that the finiteness properties must be preserved, 
and that the susy invariance should reflect into invariance under the twisted 
operators 5w, 5^ and 8^ v . 

In order to verify this latter property, let us twist the pure N=2 SYM ac- 
tion (12~2]) : 

Sym ^ S TYM = -^Tr J d 4 x(^F+F+^ - X ^ {D^ v - A4v) + 
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(3.19) 



It is evident that the twisted N=2 SYM theory coincides with the Topological 
Yang-Mills (TYM) theory, as expected [TBI HI]. 

Of course, under the gauge transformations 



S 9 \ 



(3.20) 



[e, A] , A = x,V,?7,0,0 , 



e(x) being the local infinitesimal gauge parameter, the action Stym is invari- 
ant 

SIStym = 0. (3.21) 

As we already said, we expect that Stym keeps memory of susy invariance 
through its invariance under the twisted operators 6w, 5^ and 5^ u . Notice 
that it would have been a very difficult task to identify a priori the symme- 
tries of the TYM action (I3.19p . This, on the contrary, turns out to be quite 
natural thanks to the twisting procedure. Before verifying that the twisted 
operators are indeed symmetries of the TYM action, we have to write down 
their action on the twisted fields. 

3.3 Twisted super symmetry transformations on twisted fields 



Recalling the definition of the twisted operators (13. 9p and of the twisted fields 
(I3.16p . after a little algebra, one gets 

b~w transformations on twisted fields 









<VVv« = 




5 W 4> = 







8wXfj,v = 


F + 


$w4> = 


2r) 






1 




5 W V = 


2 




twisted fields 







1 1 



2 v 16 Mi/ 



(3.22) 



(3.23) 
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<W = 



o~ M i, transformations on twisted fields 



(JT 







8*> 
1 



(3.24) 



4F+ 



+ g^gur - g^gua) </>, </> 



£ _£ "_P+ + £ «_P+ _£ 

fiver ra fivr aa 1 crr/i i/ct cttv 



*F + ) 



The following tables summarize the quantum numbers of the twisted 
fields 



twisted fields 


4. 


XfJ.U 




V 







dim. 


i 


3/2 


3/2 


3/2 


1 


1 


1Z — charge. 





-1 


1 


-1 


2 


-2 


statistics 


coram 


ant 


ant 


ant 


comm 


comm 



and of the twisted operators 



twisted operators 


(V 






dim. 


1/2 


1/2 


1/2 


7?. — charge. 


1 


1 


-1 


statistics 


ant 


ant 


ant 



where comm and ant stand for commuting and anticommuting respectively. 

Long but straightforward calculations confirm that, indeed, the twisted op- 
erators are symmetries of the twisted action: 



SwStym 



S U S- 



f_tOTYM 



SiivStYM 



. 



(3.25) 



It is important to stress that the fermionic, nilpotent, Witten's 5w symmetry 
does not completely fix the coefficients of every term appearing in Stym- In 
other words, Stym is not the most general action invariant under 8w In 
order to fix completely all the terms by means of a unique coupling constant, 
the role of the vector 5^ symmetry is crucial. On the other hand, the three 5^ 
twisted symmetries are automatically satisfied, therefore, under this respect, 
they seem to be redundant. 
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3.4 Twisted algebra 

Let us see what becomes the twisted supersymmetry algebra in the Wess- 
Zumino gauge, where the symmetries are nonlinearly realized. The following 
algebraic relations hold: 

§w = $0 + (field equations) , (3.26) 

where 5^ is a gauge transformation whose gauge parameter is the field (f>(x). 
The operator 8w is therefore on shell nilpotent in the space of gauge invari- 
ant local functionals. The cohomology in this constrained functional space 
defines the so called Witten observables p3J E] > 

{8n,8v} = -gdfj.u^ + (field equations), (3.27) 

where 8^ is a field dependent gauge transformation, with the field <fi{x) as 
gauge parameter; 

{Sw, 8^} = 9^ + 8 9 A + (field equations), (3.28) 

where 8 A is a field dependent gauge transformation, with the field A^x) as 
gauge parameter. 

Finally, the algebraic relations involving 8p V are: 

{8w, $nv} = (gauge transformation) + (field equations); (3.29) 



{8^1 8 pa } = (gauge transformation) + (field equations); (3.30) 



{8p,8 pa } = -(Ep pcJ ud v + g w d a - g^d p ) (3.31) 
+ (gauge transformation) + (field equations). 

The above algebraic structure is typical of the supersymmetry in the Wess- 
Zumino gauge. Two kind of obstructions to the closure of the algebra on 
translations occur: field equations and field dependent gauge transformations. 
The canonical way to proceed (see, for instance, jl]), is to take care of the first 
type of obstructions, namely the field equations, introducing auxiliary fields, 
whose transformations coincide with the field equations. Still, the other kind 
of obstruction, namely the field dependent gauge transformations, remains, 
and the algebra is open, needing an infinite number of external fields. This 
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problem has been exhaustively treated in [2], where the non-renormalizability 
of theories with extended supersymmetry is discussed. The problem has 
nonetheless been solved, turning the situation the other way around [TU| ITT], 
as we shall see. 

4 The twisted theory: N=2 SYM coupled to matter 

Let us now apply the twisting procedure, described in the previous section, 
to the complete N=2 SYM theory, coupled to matter. Besides the pure YM 
multiplet, belonging to the adjoint representation of the gauge group, the 
field content of the theory is completed by the hypermultiplet, in a generic 
representation of the gauge group. The global symmetry group does not 
change, and the twist goes the same way: 



where H and H' are defined in ( 12. 3p and ( 13.71) respectively. 

In this section, we shall find out the twisted matter fields, the complete 
twisted action, the twisted operators and the corresponding twisted algebra. 
We shall moreover verify that the twisted operators are still symmetries of 
the twisted theory. The result should not be taken for granted, since the 
topological character of the twist is spoiled by the introduction of matter, 
and therefore we do not expect that the twisted theory is topological. Hence, 
the algebraic topological structure, which we shall find for a non-topological 
field theory, comes somehow as a surprise. 

4.1 Twisted hypermultiplet 

The matter hypermultiplet is (qi,qi,ip q ,ip q ,ipg,ip q ). Only the bosonic fields 
qi(x) and q~i{x), which have a nonvanishing SU(2)j quantum number, will be 
twisted, the other fields remaining unchanged. The action of the twist is as 
follows, and we rename the fields in order to simplify notations: 




twist 



(4.1) 




1 




o 




~ twist ~ 



1 







%)*(o,^o) 

(^)a(^0,0) 

fe)a(0,~ o) 



+1 



(4.2) 



-i 



+i 



-i 
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Notice that, while in the pure N=2 SYM the twist gets rid of the spinorial 
fields, this does not happen for the hypermultiplet, whose twisted version, 
on the contrary, is entirely formed by spinors. 

4.2 Twisted matter action 

Twisting the matter N=2 SYM action (12.111) . we get 

Q twist Q / . „N 

^matter ? OTmatter ; V^ m ") 



with 



STmatter = J D^K, + Tf (a%^^ (4.4) 



9 



o 

+ l -u^u, - 2u^ 7 + ^iF{<j>, 0}H 7 - ^-TVR^Rs 
o lb oz 

4.3 Twisted supersymmetry transformations on twisted fields 

The action of the twisted operators (Sw, 8^, 8^ v ) on the twisted matter fields, 
is as follows 

Sw transformations on twisted matter fields 

8 W B.^ = -j=E al3 Q pjl^ = — j=E al3 (^/2u a E p^) = M 7 
5yi/H 7 = ^ 7 

5wu-y = — p£ a/? (V^'e 7 Q ! ^H i 8) = +0H 7 
V2 

SwUj = — 0H 7 (4-5) 
8^ transformations on twisted matter fields 



5^H 7 = ((T M ) 7 Q,f a 

15 



1 { V% — \ 1 — 



6^ 



(4.6) 



b~^ v transformations on twisted matter fields 



cr 







(f>R p 



1 



1 



1 



(4.7) 



The following table summarizes the quantum number and the statistics of 
the twisted matter fields: 



twisted hypermultiplet 


H 


H 


u 


u 


V 


V 


dim. 


1 


1 


3/2 


3/2 


3/2 


3/2 


1Z — charge. 








+1 


+1 


-1 


-1 


statistics 


comm. 


comm. 


ant. 


ant. 


ant. 


ant. 



4.4 Twisted algebra 



Once we have the twisted action (I4.4p and the twisted field transformations 
(14.51) and (I4.6p . we can verify that the algebra formed by the twisted opera- 
tors (<W, <W) * s ^ ne same °f the pure gauge case, i.e. it is a topological, 
supersymmetric algebra which closes on translations, modulo gauge depen- 
dent field transformations and equations of motion. Notice that the fields on 
which the gauge transformations depend, are the same as in the pure gauge 
case. 

The complete N=2 SYM theory contains interactions terms between the two 
supermultiplets, the pure gauge and the matter one. Hence, the field equa- 
tions of motion for the vector supermultiplet change. In order to preserve the 
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algebra, which depends on the field equations, we must modify the transfor- 
mations of the gauge multiplet. Let us see how this can be done. The field 
equations appearing in the algebra as obstructions, are those concerning the 
fields t](x), x( x ) an d VK 2 ')) "which appear in the interaction terms of the com- 
plete action. Their transformations under the twisted operators are those to 
be changed. Let us see in detail how, for example, the transformation SwXfiv 
must be modified. 



Since 

8wXn» = xA ~ 9 



2 5Stym 



Sx 



it must be 



= [^X^]-[0,X/^] + (AA-A^v) + (4.8) 

&wXi*> = F + u - ^H 7 (^) 7 /3 H 7 • ( 4 - 9 ) 

Analogously, by analyzing the whole set of algebraic relations, from f !3.26|) to 
fl3.3ip . we can infer the modified transformations of the fields belonging to 
the YM multiplet, when coupled to the matter hypermultiplet: 



h^v = F - —g^ 



16' 



i. 



5, u r, = -4F+ + -H Y (< V ) 7/3 rr fl (4-10) 

\F^ a 9vT ~ F ucr g^ T — F^ T g va + F^g^^j 
+ ( £ a p + -e a F + +e a F + -e a F + ) 



1 

~16 

+9 P vM'f + 9wMf] (H^rF + H 'h^; 
all the other transformations remaining unchanged. 

Taking into account the above transformations, now the whole algebra formed 
by the twisted operators (6w, tip, ^v) is closed, modulo field dependent gauge 
transformations and field equations, for the whole theory, including matter. 

4.5 Symmetries of the complete twisted action 

Lengthy and uninstructive computations lead us to claim that the complete, 
twisted action 

St = StYM + STmatter > (4-H) 
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where Stym and Sxmatter are given in (I3.19P and (I4.4p respectively, is invari- 
ant under the twisted supercharges: 

5wS T = ^S T = S^St = . (4.12) 

As for the twisted pure gauge N=2 SYM action, the total St action is uni- 
vocally determined by the two symmetries 5w and 5^, 5w alone being not 
sufficient. Only one coupling constant is left, as expected. 

Starting from the untwisted N=2 SYM theory coupled to matter, through the 
twisting procedure we got an action, gauge invariant, and invariant as well 
under two symmetries 5w and 5^, remnant of five over the eight supercharges, 
three of them turning out to be redundant. The resulting action is equivalent 
to the starting, untwisted supersymmetric action, and the twist revealed an 
algebraic topological structure. 

The twisted N=2 sym action coupled to matter appears to be a Witten-type 
topological action, since it can be written as the variation of a nilpotent 
operator (Sw, in our case), modulo field equations: 



S T = S W A + A 



(4.13) 



where 



A = Tr Jd 4 x(^F+-± ( f ) D^ + ^ V 



and A is a contact term 



2 A bx» v 5v^ Sip 



(4.14) 



(4.15) 



We recall that 5w is nilpotent only on shell, and the above relation is not 
yet an exact relation, in the cohomological sense. But, still, this last result 
is quite remarkable. It suggests indeed to consider the operator 6w - which, 
we stress again, is not sufficient, alone, to completely determine the action - 
as the starting point towards the identification of a nilpotent operator under 
which the total action is off shell exact. 



5 Towards quantum extension 

In the previous sections, we managed in order to treat a known, though com- 
plex, situation. Namely we are now dealing with the gauge invariant action 
St (14. lip , invariant also under the scalar operator 5w and the vector operator 
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5fj,. The underlying supersymmetry algebra closes on translations, modulo 
field equations and gauge dependent field transformations. The situation is 
similar to that encountered in topological field theories (like Chern-Simons 
theory or BF models) and in supersymmetric field theories (N=l and N=2 
SYM). We shall adopt in this case the same technique successfully used there, 
to define the classical theory and to proceed towards the algebraic renormal- 
ization. 

The study of the divergences of a quantum field theory and of the possible 
quantum extension of its classical symmetries requires the usual renormal- 
izations tools. In the case of supersymmetric field theories, so far it is not 
known a completely satisfactory regularization scheme which preserves at 
the same time BRS symmetry and supersymmetry. The algebraic renormal- 
ization [19J, which does not rely on any regularization scheme, is, hence, 
a mandatory choice. The first algebraic study of the renormalizability of 
a supersymmetric QFT, has been completely performed, for the N=l case, 
using the superspace formalism (see [3] and references therein, in particular 
[22]). and a class of N=l SYM theories has been shown to have no coupling 
constant renormalization at all [231 [22 I25J [26J [27] . 

For what concerns N=2 SYM, with and without matter, the first algebraic 
approach to the study of counterterms and anomalies has been given in [101 



In this Section, we set the standard for the quantum extension of the twisted 
N=2 TYM, all the results obtained previously thanks to the twist being 
valid at the classical level only. The basic steps of the procedure are the 
construction of an invariant gauge fixing term, the definition of a classical 
action, including gauge fixing and source- dependent terms, which satisfies all 
the symmetries of the theory through an extended Slavnov- Taylor identity, 
which resumes both gauge symmetries and supersymmetries. The key point 
in our reasoning is the closure of the algebra off shell. 

5.1 TYM and the extended BRS operator 

Our starting point is the classical action St (14.111) . equivalent to the classical 
N=2 SYM coupled to matter. 

Besides being gauge invariant, the action St is invariant also under a set of 
global transformations, whose generators 5\y, 5^, 8^ commute with the gauge 
transformations 8\ (13.201) . and satisfy the following algebra: 



EL]. 




[S„ 5i\ = [6, v , 51} = 
8i + (field eq.) 



{fiw,^} 



_ g^J + ( field e( l-) 
+ 5 9 K + (field eq.) 



(5.1) 
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{t>Wi$ia>} — (g au g e transf.) + (field eq.) 
{S(tv, Spa} = (gauge transf.) + (field eq.) 

{8ft, Sp*} = -(£ppavd u + g w d a - g^dp) + (gauge transf.) + (field eq.) . 

The quantum extension of susy, or susy-like, theories presents some serious 
difficulties, as explained in [2]: 

gauge fixing term: In absence of supersymmetry, the gauge fixing term 
is a BRS variation, hence it is BRS invariant by construction, being 
the BRS operator nilpotent. In presence of supersymmetry, instead, 
because of the algebra, which in the WZ gauge does not simply close 
on translations, such a term is not susy invariant. The usual way to 
add a gauge fixing term cannot be applied for supersymmetric QFT. 

open algebra: In the Wess Zumino gauge, the susy transformations (and 
hence their twisted versions) are not linear. The algebra closes only on 
shell and modulo field dependent gauge transformations. The standard 
way to deal with this kind of algebras is to introduce auxiliary fields 
in order to get rid of the field equations, but still the algebra does not 
close, and an infinite number of external fields is needed, which renders 
the quantum extension of the theory meaningless. 

A solution is to define an extended BRS operator which collects all the sym- 
metries of the theory [TOj [11], but, before doing that, let us write the usual 
BRS operator s, promoting the gauge parameter e(x) to a ghost field c(x), 
so that the gauge transformation b\ becomes the BRS operator s: 

e a {x) -> c a {x) , 8 9 £ ->• s . (5.2) 

In addition, we introduce an antighost field c(x) and a Lagrange multiplier 
b(x), always in the adjoint representation of the gauge group, so that the 
BRS operator 



sA„ = 




-Dp 


c 


«VV = 


{c, Vv) 






ST] = 


{c,v} 


S(f> = 




c, 0] 




S(j) = 








sc = 


c 2 = 


- f abc c b c 

r 


sc = 


b 




sb = 







sH = 




c,Hl 
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is nilpotent 



sH 




c, H 


su 


= {c,u} 


su 


= {c,u} 


sv 


= {c,v} 


sv 


= {c,v} 




s 2 = 


. 



(5.4) 



Let us now introduce global ghosts u, and t> M , coupled respectively to 8w, 

(5.5) 



5fj, and to the translations 



u <H> 5 W , «-» 5^ , v^ <h- , 
in order to define the extended BRS operator as 



Q=s + u5 w + e^S/, + v^d^ - ue^ 



d 



(5.6) 



The mass dimensions, 7?.-charge, ghost number and the statistics of the ghosts 
(both global and local), of the antighost and of the Lagrange multiplier, are 
summarized in the following table 











c 


c 


b 


dim 


-1/2 


-1/2 


-1 





2 


2 


1Z— charge 


-1 


1 














ghost number 


1 


1 


1 


1 


-1 





statistics 


comm 


comm 


ant 


ant 


ant 


comm 



The extended BRS operator Q has ghost number +1, zero 7?.-charge and 
mass dimensions, is a symmetry of the action St and it is nilpotent on shell: 



QS T 
Q 2 



0, 

field equations . 



(5.7) 



The Q-invariance of the action is obvious, since St does not depend on 
the ghosts and it is invariant under translations. On the other hand, the 
nilpotency of Q is obtained defining the action of the twisted operators 5w, ^ 
(and hence of Q) on the ghosts (c(x), u, e^, v M ) suitably. 

It must be 



Qc 

Qcu 



c 






e 2 - 



+ —<P + v^c 



(5.8) 
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The antighost c(x) and the Lagrange multiplier b(x) form a Q-doublet: 



Qc 
Qb 



b + v^c , 



with 



Q 2 c = Q z b = . 



(5.9) 



(5.10) 



At this point we are able to define a gauge fixing term, as the Q-variation of 
the usual "gauge fermion" : 

S gf = Q Tr j d A xcdA (5.11) 

= Tr y>x (wAp+l&>DpC-ul&%-j<&Xvv-j&vr]) ■ 

Since the extended BRS operator Q is strictly nilpotent on the fields appear- 
ing in Sgf, the gauge fixed action S is Q-invariant by construction: 



Q(S) = Q(S T + S gf )=0. 



(5.12) 



The gauge fixing procedure takes into account not only the local pure gauge 
symmetry, but also the twisted symmetries 5w and 8^, as can be seen by the 
presence in the gauge fixing term (15. lip of the global ghosts u and The 
absence of v M is due to the translation invariance. 

Therefore, the action of the extended BRS operator Q on the whole set of 
fields and ghosts, is: 



QXar 



Qv 

Q<t> 
Q4> 

Qc 
Qco 

Qv 11 



£ 6 

-D^c + u% + — Xuf, + y ?? + v v d v A fi 



{c, - uD^ + e" yF V fj, - -F+ 



{C, Xar} + UlF+ T + —{e^ TU + fi^fiW ~ fl^flW)-^ 



16 1 



+v u d u x*T ~ -H {a. 



[C,<t>]-E?% + V v d v <l> 

c,4>+ 2ui] + v v d v (j) 



2 2 
C — CO C 



ueTAp + — + v v d u c 
lb 








(5.13) 
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7 



b + v^d^c 

c, H 7 ] + u« 7 + e^(a^) ldl v a + ^<9 M H 7 
c, H 7 + wm 7 + e fi (a IJ )y & v a + v^d^Ej 

c, u 7 ] + w0H 7 + e" Ql> m H 7 - ^(a^D'K^ + v^u 
c,U 7 ] + w0H 7 + e" Q^ M H 7 - ^(a^D^ + 
c, - ^Lo(a») ai D u H a - 1^(^) 7/3 0H^ + 



Q 2 = on (A, 0, 0, H, H, c, w, e, f , c, bj , (5.14) 



GV, = 9 4-^ (5-15) 



4 ' 5x 



2 / 55 55 . 55 



+ 32^" + 9vu 5^ 2gixv 5, : 



g 2 „ / 55 55 55 \ 

l^5^ + ^5^-^5rj 



9\^_, _ 2 55 



Q% 7 = 9 j(^M^+e 2 ^) (5.18) 
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5.2 The Slavnov- Taylor identity 

For the functional implementation of the extended BRS operator Q, we must 
couple external sources to the nonlinear Q-transformations of the fields 

&(x) (I5TT3D : 



L — y c 


X 7 -> H 7 


D-Kj> 


X 7 -> H 7 




£/ 7 -»■ u 7 




, IT 7 — >■ m 7 


p-Kp 


^ -»■ v 7 


t — y Tj 


, y" 7 ->■ u 7 







so that we can add to 5 = SV + the "external" term 

S ext = Tr J d 4 x^Q¥ , (5.21) 

where we collectively denoted with all the fields transforming nonlin- 

early under Q, and with Q* l (x) the corresponding external sources, whose 
quantum numbers and statistics are 





L 


D 




e 


P 


T 




dim . 


4 


3 


3 


5/2 


3 


5/2 


5/2 


71 — charge 





-2 





-1 


2 


1 


1 


ghostnumber 


-2 


-1 


-1 


-1 


-1 


-1 


-1 


statistics 


coram 


ant 


ant 


comm 


ant 


comm 


comm 





X 


X 


U 


U 


V 


V 


dim . 


3 


3 


5/2 


5/2 


5/2 


5/2 


7?. — charge 








-1 


-1 


1 


1 


ghostnumber 


-1 


-1 


-1 


-1 


-1 


-1 


statistics 


ant 


ant 


comm 


comm 


comm 


comm 



In order to write a Slavnov- Taylor identity, the last step is to add to the 
action St + S g f + S ext a fourth term S qua d which takes into account the fact 
the the extended BRS operator Q is nilpotent on shell, according to the 
Batalin-Vilkokisky procedure [28| 129]. Such a term must be quadratic in the 
external sources <3>* J (x) 

S quad = TtJ d 4 x (a ; <K'<I>-0 , (5.22) 

where flij(x) are coefficients which, in general, may depend on the quantum 
fields and on the global ghosts. They are determined by imposing the validity 
of the Slavnov- Taylor identity, which we shall write shortly. 
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The result is the following: 

S quad = 9 2 Tt J d'x^B^B^ - \uB^e^ u - + ^e 2 e 

AfUjJ 1 + ~u%V< - l -ue^U a {a^) a ^) . (5.23) 

With this choice, the complete classical action 

E = St + S g f + S ext + S qua d (5-24) 
satisfies the Slavnov- Taylor identity 

5(E) = , (5.25) 

where 

5(E) = ^ (^*^ + + + (^^ + ^6)^) 

BY 

We can go further, introducing the translation operator 

V,Y = Tr / d*x (^ J| + ^ J-) = , (5-27) 
which obviously is a symmetry of the theory. 

We observe that, since acts linearly on all the fields, the dependence of 
the action E on the global ghost for translations v^, is fixed by the following 
identity 

BY 

St = ^ , (5-28) 

where 

A£ = Tr j#x{Ld tl c-Dd„4>-Wd l A v + Z v d^ v 

+f/ 7 ^w 7 + ET 7 ^ + V^tty + V'dpV*, ) , (5.29) 

being linear in the quantum fields, is present only at the classical level [T9] . 
We can therefore get rid of the global ghost v^, introducing the "reduced" 
classical action E 



with 



v»A<Z , (5.30) 



as 
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It is easily verified that £ satisfies the modified ST identity 

5(E) 

where 



5(E) = Tr / d 4 x 



' 5E 



(5.32) 



(5.33) 



The (classically broken) ST identity f l 5 . 3 2 j) is the one which must be used to 
determine the quantum extension of the theory. The corresponding linearized 
ST operator 



Be 



Tr Id x 



5E 5 



5 



is not nilpotent. In fact, it holds 



n ■ 



(5.34) 



(5.35) 



that is, B^ is nilpotent modulo a total derivative. It follows that the operator 
is nilpotent in the space of integrated local functionals, which, actually, 
is the case we are interested in. 

Summarizing, we handled the problem in order to be able to deal with the 
usual web of symmetries and constraints which constitutes the basis for the 
quantum extension of the model and for the study of its algebraic renormal- 
izability (determination of local counterterms and study of anomalies) [T9] : 

• ST identity ! 

• Landau gauge fixing condition 



5E 
~Sb 



A' ! 



Anti-ghost equation 



5E 8Y, 
1E + "W, 



0; 



(5.36) 



(5.37) 



Landau gauge ghost equation 

'8t 



Tr Id x 



8c 



+ 



c. 



A' 



(5.38) 



with Af linear classical breaking 



A" 



Tr / d A x ( [c, L] - [A, tt] - [0, D] + ty, £] - [0, p] + [ V , r] (5.39) 



+\X,B] - [H,X] - [H,X] + [u,U] + [u,U] + [v,V] + [v,V]] 
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6 Conclusions 



In this paper we studied the twisted version of N=2 SYM theory coupled to 
matter. 

The twist, being simply a linear redefinition of the quantum fields, does 
not affect the partition function, and hence two twisted-related theories are 
completely equivalent. This means, in particular, that they have the same 
physical content, the same observables and the same coupling constant (s) 
(3- function (s). 

In this paper we included matter into the game. We twisted the hypermulti- 
plet, which became entirely spinorial, we modified the (twisted) supersymme- 
tries in order to have a close off-shell algebra, and we achieved the complete 
off-shell set up by means of a unique Slavnov- Taylor identity, which collects 
both BRS symmetry and supersymmetries of the theory. 

As it is well known [T51 [33], pure N=2 SYM is twisted to a topological 
quantum field theory: TYM. An interesting and new result presented in this 
article is the fact that TYM theory coupled to matter have the same set of 
invariances of the same theory without matter. Since the theory with matter 
is not topological, the presence of these symmetries contradicts the common 
belief that they are peculiar to topological theoriesll 

The twisted version of the whole theory, including matter, is the neces- 
sary step towards the study of the /3-function, for which a well known non- 
renormalization theorem holds, and which has been algebraically proved only 
in absence of matter [15]. We stress also that we never specified to which 
representation of the gauge group the matter hypermultiplet belongs: in the 
particular case of matter in the adjoint representation, N=4 SYM is recov- 
ered. 

In general, the introduction of matter spoils the topological character of the 
theory. In our case, the relation (14. 13f) suggests that matter might enter 
in the theory simply through an extended BRS variation, and this result 
strongly induces to suppose that matter does not alter neither the physical 
sector of observables nor the finite, or protected, operators of the theory 
[17] . In other terms, the presence of matter should not spoil the AdS/CFT 
duality between non-conformal N=2 theories and string theories [SU]- It is 
also natural to expect that the whole action can be written, as in the pure 
gauge case, in terms of a unique, and probably finite, operator, which in 
the pure gauge case is Tr 2 , whose relevance for the algebraic proof of the 
non-renormalization theorem of the /3-function has been discussed in [15] . 



2 We thank one of the referees for this remark. 



27 



References 

[1] P. C. West, "Introduction to supersymmetry and supergravity" , Sin- 
gapore, Singapore: World Scientific (1990) 425 p. 

[2] P. Breitenlohner and D. Maison, "Renormalization of supersymmetric 
Yang-Mills theories" , Supersymmetry and Its Applications, Cambridge 
1985, Proceedings, 309-327. 

[3] O. Piguet and K. Sibold, "Renormalized supersymmetry. The per- 
turbation theory of N=l supersymmetric theories in flat space-time", 
Boston, Usa: Birkhauser ( 1986) 346 P. ( Progress In Physics, 12). 

[4] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev, 
"Harmonic Superspace", Cambridge, UK: Univ. Pr. (2001) 306 p. 

[5] M. T. Grisaru and W. Siegel, "Supergraphity. 2. Manifestly covari- 
ant rules and higher loop finiteness", Nucl. Phys. B 201, 292 (1982) 
[Erratum-ibid. B 206, 496 (1982)]. 

[6] P. S. Howe, K. S. Stelle and P. K. Townsend, "Miraculous ultraviolet 
cancellations in supersymmetry made manifest", Nucl. Phys. B 236, 
125 (1984). 

[7] P. S. Howe, K. S. Stelle and P. C. West, "A class of finite four- 
dimensional supersymmetric field theories," Phys. Lett. B 124 (1983) 
55. 

[8] N. Seiberg and E. Witten, "Monopole condensation and confinement 
In N=2 supersymmetric Yang-Mills theory", Nucl. Phys. B 426 (1994) 
19 [Erratum-ibid. B 430 (1994) 485] |arXiv:hep-th/9407087| . 

[9] N. Seiberg and E. Witten, "Monopoles, duality and chiral symmetry 
breaki ng in N=2 supers ymmetric QCD", Nucl. Phys. B 431, 484 (1994) 
(a?Xiv:hep-th/9408099| . 

[10] N. Maggiore, "Algebraic renormalization of N=2 super Yang-Mills 
theori es coupled to ma tter", Int. J. Mod. Phys. A 10, 3781 (1995) 
|arXiv:hep-th/9501057| . 

[11] N. Maggiore, "Off-shell formulation of N=2 super Yang-Mills theories 
coupled to matter without auxiliary fields", Int. J. Mod. Phys. A 10, 
3937 (1995) [arXiv:hep-th/9412092] . 

[12] L. Baulieu, G. Bossard and S. P. Sorella, "Shadow fields and 
local supersymmetric gauges", Nucl. Phys. B 753, 273 (2006) 
|arXiv:hep-th/0603248| . 



28 



E. Witten, "Topological quantum field theory", Comm. Math. Phys. 
117, 353 (1988). 

E. Witten, "Supersymmetric Yang-Mills theory on a four manifold", J. 
Math. Phys. 35, 5101 (1994) |arXiv:hep-th/9403195] . 

A. Blasi, V. E. R. Lemes, N. Maggiore, S. P. Sorella, A. Tanzini, 
O. S. Ventura and L. C. Q. Vilar, "Perturbative beta function 
of N = 2 super Yan g-Mills theories", JHEP 0005, 039 (2000) 
[arXiv:hep-th/0004048] . 

L. Baulieu and G. Bossard, "Superconformal invariance from 
N=2 supersymmetry Ward identities", JHEP 0802, 075 (2008) 
jarXiv:0711.3776l [hep-th]] . 

N. Maggiore and A. Tanzini, "Protected operators in N = 2,4 supersym- 
metric theories", Nucl. Phys. B 613, 34 (2001) [arXiv:hep-th/0105005] . 

F. Fucito, A. Tanzini, L. C. Q. Vilar, O. S. Ventura, C. A. G. Sasaki and 
S. P. Sorella, "Algebraic renormalization: perturbative twisted consid- 
erations on topological Yang-Mills theory and on N = 2 supersymmetric 



gauge theories" , |arXiv:hep-th/9707209 



O. Piguet and S. P. Sorella, "Algebraic renormalization: perturbative 
renormalization, symmetries and anomalies", Lect. Notes Phys. M28, 
1 (1995). 

D. Birmingham, M. Blau, M. Rakowski and G. Thompson, "Topologi- 
cal field theory", Phys. Rept. 209, 129 (1991). 

S. K. Donaldson, "An Application of gauge theory to four- dimensional 
topology", J. Diff. Geom. 18, 279 (1983). 

O. Piguet and K. Sibold, "The anomaly in the Slavnov identity for N=l 
supersymmetric Yang-Mills theories", Nucl. Phys. B 247, 484 (1984). 

O. Piguet and K. Sibold, "Non-renormalization theorems of chiral 
anomalies and finiteness", Phys. Lett. B 177, 373 (1986). 

O. Piguet and K. Sibold, "Non-renormalization theorems of chiral 
anomalies and finiteness in supersymmetric Yang-Mills theories", Int. 
J. Mod. Phys. A 1, 913 (1986). 

C. Lucchesi, O. Piguet and K. Sibold, "Necessary and sufficient con- 
ditions for all order vanishing beta functions in supersymmetric Yang- 
Mills theories," Phys. Lett. B 201, 241 (1988). 

A. Parkes and P. C. West, "Finiteness in rigid supersymmetric theo- 
ries," Phys. Lett. B 138, 99 (1984). 



29 



[27] A. J. Parkes and P. C. West, "Three loop results in two loop finite 
supersymmetric gauge theories," Nucl. Phys. B 256, 340 (1985). 

[28] I. A. Batalin and G. A. Vilkovisky, "Gauge algebra and quantization", 
Phys. Lett. B 102, 27 (1981). 

[29] I. A. Batalin and G. A. Vilkovisky, "Quantization of gauge theories 
with linearly dependent generators", Phys. Rev. D 28, 2567 (1983) 
[Erratum-ibid. D 30, 508 (1984)]. 

[30] J. Polchins ki, "N = 2 gauge-gravit y duals", Int. J. Mod. Phys. A 16, 
707 (2001) larXiv:hep-th/0011193] . 



30 



